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We theoretically introduce a new kind of non-Gaussian state—–Laguerre polynomial excited coher-
ent states by using the multiphoton catalysis which actually can be considered as a block comprising
photon number operator. It is found that the normalized factor is related to the two-variable Her-
mite polynomials. We then investigate the nonclassical properties in terms of Mandel’s Q parameter,
quadrature squeezing, second correlation, and the negativity of Wigner function (WF). It is shown that
all these properties are related to the amplitude of coherent state, catalysis number and unbalanced
beam splitter (BS). In particular, the maximum degree of squeezing can be enhanced as catalysis num-
ber and keeps a constant for single-photon catalysis. In addition, we examine the effect of decoherence
by Wigner function, which show that the negative region, characteristic time of decoherence and struc-
ture of WF are affected by catalysis number and unbalanced BS. Our work provides a general analysis
about how to prepare theoretically polynomials quantum states.
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I. INTRODUCTION
Nonclassical state has an important role in under-
standing deeply some fundamental problems in the field
of quantum mechanics. In order to realize this purpose,
many experimental and theoretical protocols have been
proposed to generate and manipulate such nonclassical
quantum states [1–10]. In these protocols, the photon
addition a†, as a non-Gaussian operation, can create a
nonclassical state from any classical state [2, 10]. In ad-
dition, practically realizable non-Gaussian operations in-
cluding the photon subtraction a or addition a† or the
superposition of both were used to improve the non-
classicality, the degree of entanglement, the fidelity of
continuous variable teleportation, loophole-free tests of
Bell’s inequality, and quantum computing, as well as the
performance of quantum-key-distribution [4, 11–14, 16–
18]. For example, the quantum commutation rules have
been probed experimentally by using addition and sub-
traction of single photons to/from a light field [5, 6].
In addition, the multi-photon process has experimen-
tally an theoretically attracted much attention [10, 19–
25]. For example, the multi-photon excited coher-
ent state has been introduced by Agarwl, and the
corresponding nonclassical properties and experimental
preparation are discussed by using parametric down-
conversion and homodyne tomography technology [10,
26–31]. Single photon addition is used theoretically
to improve the performance of quantum-key-distribution
[17]. Recently, multiple-photon subtraction and addi-
tion have been used to enhance the degree of entangle-
ment for two-mode squeezed vacuum (TMSV) and the fi-
delity of teleportation with continuous [23, 24, 32, 33].
It is shown that the highest entanglement, the fidelity
and some squeezing properties can be improved for the
TMSV with symmetric multi-photon subtraction opera-
tions. Both two non-Gaussian operations can actually
be realized by using the linear optical elements such as
beam splitter and conditional measurement on ancillary
outcome, which is probabilistic but more feasible in the
laboratory compared with nonlinear process.
On the other hand, it is interesting to notice that Her-
mite polynomial states can be considered as the mini-
mum uncertain states [34, 35], on which are focused by
some researchers [18, 36, 37]. For instance, a general-
ized Hermite polynomial’s operation has been theoreti-
cally introduced and operated on single-mode squeezed
vacuum and coherent state [36, 37], such as Hn (Q) |α〉
and Hn
(
µa+ νa†
)
S (r) |0〉 where Q = (a + a†)/√2 is
the coordinate operator and |α〉 is the Glauber coher-
ent state, and S (r) |0〉 is the single-mode squeezed vac-
uum. It is found that all these nonclassicalities can be
enhanced by Hermite polynomial operation and two ad-
justable parameters [37]. However, there is no scheme
proposed to generate such these polynomial states. The
implementation of such non-Gaussian operations is still
a very challenging task [38].
In order to prepare the non-Gaussian states, excepting
for photon addition and subtraction or both, the quan-
tum catalysis is also a feasible strategy to generate non-
classical quantum states [21, 39]. The analogy to catal-
ysis is to perform a measurement with the same number
of photons as ancillary mode on one output, which can
generate an effective nonlinearity. In this paper, we shall
introduce a new kind of non-Gaussian quantum states—
–Laguerre polynomial excited coherent states (LPECSs),
which can be produced by using beam splitter and a
special conditional measurement (multi-photon cataly-
sis) on one of two outports. Then we investigate the
nonclassical properties according to the Mandel’s Q pa-
rameter and second-order correlation function, photon-
number distribution, squeezing property as well as the
Wigner function. Particularly, we also discuss the de-
coherence effect of thermal channel on the LPECSs by
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FIG. 1: (Color online) An optical state |Ψ〉
out
is generated by
the interference between an arbitrary input pure state |ϕ〉
in
and an m−photon Fock state (at a beam splitter of reflectivity
|r|2 = 1−|t|2), conditional measuringm photons at one output.
deriving analytically the Wigner function. There is no
report about this non-Gaussian state generated by multi-
photon catalysis before, including the effect of decoher-
ence on the nonclassicality.
This work is arranged as follows. In Sec. II, we pro-
pose the protocol for generating such a kind of non-
Gaussian state by using the heralded interference and
conditional measurement. In Sec. III, we derive the
normalization factor, which is important for further dis-
cussing the statistical properties of the state. It is shown
that the factor is related to the two-variable Hermite
polynomials. In Sec. IV, we present the statistical prop-
erties of the state, such as photon-number distribution,
squeezing, etc. Secs. V and VI are devoted to investi-
gating the nonclassicality in terms of the negativity of
Wigner function without and with the effect of decoher-
ence of the thermal channel, respectively. Our conclu-
sions and discussions are presented in the last section.
II. THE GENERATION OF THE LPECSS
The scheme for generating an optical state |Ψ〉out by
the heralded interference and conditional measuring m
photons is shown in Fig.1. In Fig.1, an arbitrary input
pure state |ϕ〉in and an m−photon Fock state |m〉a are
sent on an asymmetrical beam splitter (BS), and a num-
ber measurement is performed on one of the two out-
ports.
If we have a conditional measurement withm photons
at one output port (see Fig.1), then the conditioned state
at the other output is given by
|Ψ〉out = Nm a 〈m|B (θ) |m〉a |ϕ〉in , (1)
where Nm is the normalization factor, and B (θ) =
exp
{
θ(a†b− ab†)} is the BS operator, and r = sin θ,
t = cos θ. BS operator is actually an entangling opera-
tor [40].When θ = pi/4, B (pi/4) is the symmetrical BS.
In order to further obtain the expression in Eq.(1), we
first derive the matrix element a 〈m|B (θ) |m〉a. Using
the normal ordering form of B (θ) [41]:
B (θ) =: exp
{
(cos θ − 1) (a†a+ b†b)
+
(
a†b− ab†) sin θ} : , (2)
and the coherent state representation of Fock state, i.e.,
|m〉 = 1√
m!
∂m
∂αm
‖α〉|α=0 , ‖α〉 = exp
(
αa†
) |0〉 , (3)
we can derive
Bˆm ≡ a 〈m|B (θ) |m〉a
=
(− cos θ)m
m!
: Hm,m
(
b† tan θ, b tan θ
)
: eb
†b ln cos θ
= cosm θ : Lm
(
b†b tan2 θ
)
: eb
†b ln cos θ, (4)
where Lm (.) is the Laguerre polynomials, Hm,m (x, y)
is the two-variable Hermite polynomials, and we have
used the operator identity : exp{(eλ − 1) b†b} : =
eλb
†b and eλb
†bbe−λb
†b = e−λb and the relation
(−1)m /m!Hm,m (x, y) = Lm (xy). Thus, for any input
state, the output state can be expressed as |Ψ〉out →
Bˆm |ϕ〉in. It will be convenient to further discuss some
properties of the output states by using Eq.(4). From
Eq.(4), we can see that the process, accompanying with
m-photon Fock state input and m-photon measured, can
be seen as a kind of Laguerre polynomials operation of
number operator within normal ordering form.
When the input state |ϕ〉in is the coherent state |z〉,
then the output state is given by
|Ψ〉out = Nm cosm θ : Lm
(
b†b tan2 θ
)
: eb
†b ln cos θ |z〉
= Nme
− 12 |z|
2 sin2 θ cosm θLm
(
µb†
) |z cos θ〉
≡ N¯mLm
(
µb†
) |z cos θ〉 , (5)
where we have set µ = z cos θ tan2 θ, N¯m =
Nm cos
m θ exp[− 12 |z|2 sin2 θ] and we have used the for-
mula
gb
†b |α〉 = exp
[
1
2
(
g2 − 1) |α|2] |gα〉 . (6)
It is clear that Eq.(5) is just the Laguerre polynomials
excited coherent state (LPECSs) generated by the condi-
tion measurement. Let us note that the scaling cos θ of
the coherent state z can be understood as a loss process.
This character is a result of the process itself. For the
case of θ = 0 corresponding to the perfect transmission
(t = 1, r = 0), we see |Ψ〉out → |z〉, as expected. When
m = 0, 1, the output states become |Ψ〉out = |z cos θ〉,
and |Ψ〉out = N¯1
(
1− µb†) |z cos θ〉, respectively. The
former is still a coherent state with a smaller ampli-
tude z cos θ comparing with that of the initial input state,
which means that even when for instance m = 0 (with-
out photon detected) the average number of photon at
the output is |z|2 cos2 θ, not |z|2 , i.e., the average num-
bers of photon are not conservation for the input-output
state at the process of quantum catalysis; And the lat-
ter corresponds to a superposition of coherent state and
excited coherent state.
3III. NORMALIZATION OF THE LPECSS
Next, we derive the normalization of the LPECSs,
which is important for discussing the statistical prop-
erties of quantum states. Using the normalized condi-
tion 1 = out 〈Ψ| Ψ〉out and the completeness relation∫
d2α |α〉 〈α| /pi = 1 of coherent state, as well as
〈z cos θ| α〉 = exp
{
−|z|
2
2
cos2 θ − 1
2
|α|2 + z∗α cos θ
}
,
(7)
we can derive
N¯−2m = 〈z cos θ|Lm (µ∗b)Lm
(
µb†
) |z cos θ〉
=
∫
d2α
pi
|Lm (µ∗α)|2 |〈z cos θ| α〉|2
=
∫
d2α
pi
|Lm (µ∗α)|2 e−|z|
2 cos2 θ−|α|2+(z∗α+zα∗) cos θ.
(8)
Using the sum representation of Laguerre polynomial
Lm (x) =
m∑
l=0
(
m
l
)
(−1)l
l!
xl, (9)
we can rewrite Eq.(8) as the following form
N¯−2m =
m∑
l,k=0
(
m
l
)(
m
k
)
(−1)l+k
l!k!
µkµ∗l
× e−|z|2 cos2 θ
∫
d2α
pi
α∗kαle−|α|
2+(z∗α+zα∗) cos θ
=
m∑
l,k=0
(
m
l
)(
m
k
)
(−1)kµkµ∗l
l!k!
Hk,l (z
∗ cos θ,−z cos θ) ,
(10)
where we have used the following integration formula
Hm,n (ξ, η) = (−1)neξη
∫
d2z
pi
znz∗me−|z|
2+ξz−ηz∗ .
(11)
Eq.(10) is the analytical expression of normalization fac-
tor for the output state |Ψ〉out, which is related to the
two-variable Hermite polynomials. N¯−2m is a real num-
ber which can be seen directly from Eq.(8). In particular,
when m = 1 corresponding to the single-photon cataly-
sis, we have N¯−21 = (1 − |z|2 sin2 θ)2 + |z|2 cos2 θ tan4 θ
which is in accordance with [21].
In a similar way to deriving Eq.(10), we can calculate
the matrix element
〈
bqb†p
〉
as
〈
bqb†p
〉
=
m∑
l,k=0
(
m
l
)(
m
k
)
(−1)q+k
l!k!
µkµ∗l
× N¯2mHk+p,l+q (z∗ cos θ,−z cos θ) , (12)
which will be often used in the next calculation for dis-
cussing the nonclassical properties of the LPECSs.
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FIG. 2: (Color online) The Q-parameter as the function of θ for
several different values m = 1, 2, 3, 4, and (a) z=1, (b) z=2.
The highest peaks from right to left correspond to m=1,2,3,4,
respectively.
IV. NONCLASSICAL PROPERTIES OF THE LPECSS
In this section, we shall discuss the nonclassical prop-
erties of the LPECSs by using Mandel’s Q parameter and
second-order correlation function, photon-number distri-
bution, as well as squeezing property.
A. Mandel’s Q parameter
First, let us examine the sub-Possion statistical prop-
erty using the Mandel Q-parameter [42], whose defini-
tion can be given by
Q =
〈(
b†b
)2〉− 〈b†b〉2
〈b†b〉 − 1
=
〈
b2b†2
〉− 〈bb†〉2 − 2 〈bb†〉+ 1
〈bb†〉 − 1 . (13)
The quantum state shall satisfy the sub-Poissonian statis-
tics when the condition Q < 0 is achieved. The super-
Poissonian, Poissonian statistics correspond toQ > 0 and
Q = 0, respectively. For simplicity, here we have con-
verted the expression of Q to the anti-normally ordering
form. Using Eq.(12), we can get the analytical expres-
sion of Q but do not give them here due to its long and
cumbersome.
In order to see clearly the variation of Mandel’s Q pa-
rameter with the input amplitude z and the asymmetrical
BS (θ), we plot the Q parameter in Fig. 2 as the function
of θ for some several different values of z and m. Here,
4for simplicity, we take z as a real number. From Fig. 2,
we can clearly see that, for a given small z value (z = 1),
the Q parameter can be negative (m 6= 0) when θ is less
than a certain threshold value or when θ is larger than
a one. Both threshold values decrease as m increases;
while for a large value z(z = 2), the main peaks be-
come more narrow and the corresponding threshold val-
ues become smaller than those for the case of small value
of input amplitude. These imply that the output state
presents obvious nonclassicality which can be modulated
the transmission factor.
B. Second-Order Correlation Function
Notice that the condition Q < 0 is actually a sufficient
condition indicating the nonclassical property. That is
to say, when Q > 0 the state also maybe nonclassical.
Next, we will further discuss the second-order correla-
tion function for the LPECSs, which is typically used to
find the statistical character of intensity fluctuations. The
second-order correlation function is defined by [43]
g(2) =
〈
b†2b2
〉
〈b†b〉2
=
〈
b2b†2 − 4bb† + 2〉
(〈bb†〉 − 1)2
. (14)
Theoretically, using the result
〈
bqb†p
〉
in Eq.(12) we can
get the analytical expression of g(2).
In Fig. 3, we plot the g(2) correlation function as the
function of θ for some several different values of |z|2 and
m. From Fig. 3 we can see that there are some re-
gions which present clearly the antibunching effect with
g(2) < 1, bunching effect with 1 < g(2) 6 2 and super-
bunching effect with 2 < g(2) [44]. The antibunching
effect, a nonclassical indicator, can be observed for both
high and low reflectivities (see Fig. 3 (a)). The main
peaks become more narrow and the maximal values of
peaks become smaller than those for the small ampli-
tude case. The latter is different from the case of Q-
parameter. In addition, the positions of peaks move to
the left as the increasing m. For instance, for |z|2 = 1,
the peaks corresponding to m = 1, 2, 3, 4 are centered
around θ = 0.68, 0.53, 0.45, 0.39, which attain the corre-
sponding measured values of g(2) = 6.93, 6.83, 6.76, 6.72,
respectively. It is clear that all these values of peaks are
over the limit of thermal states which is not a signature
of nonclassicality; For m = 1, in the regions of θ < 0.47
and θ > 0.90, the signature of nonclassicality appears
and becomes more clear in the region of θ > 0.90 with
the increasing θ. These cases are similar for m = 2, 3, 4.
C. Photon number distribution
Next, let us consider the photon-number distribution
(PND) of the LPECSs. In this field, the PND of finding n
photons can be calculated as
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FIG. 3: (Color online) The second order correlation func-
tion g(2)as the function of θ for several different values m =
1, 2, 3, 4, and (a) |z|2=1, (b) |z|2=2. The highest peaks from
right to left correspond to m=1,2,3,4, respectively. When
m = 0,g(2) = 1 corresponding to the classical bound.
pn =
∣∣N¯m∣∣2 ∣∣〈n|Lm (µb†) |z cos θ〉∣∣2 . (15)
In order to obtain the explicit form of pn, we first eval-
uate the matrix element 〈n|Lm
(
µb†
) |z cos θ〉. Using the
coherent representation of number state in Eq.(3) and
the sum representation of Laguerre polynomials in Eq.
(9), we have
〈n|Lm
(
µb†
) |z cos θ〉
=
1√
n!
∂n
∂α∗n
Lm (µα
∗) 〈α‖ |z cos θ〉α∗=0
=
e−
1
2 |z|
2 cos2 θ
√
n!
∂n
∂α∗n
Lm (µα
∗) eα
∗z cos θ
∣∣∣
α∗=0
=
e−
1
2 |z|
2 cos2 θ
√
n!
m∑
l=0
(
m
l
)
(−µ)l
l!
∂n
∂α∗n
α∗l eα
∗z cos θ
∣∣∣
α∗=0
=
e−
1
2 |z|
2 cos2 θ
√
n!
m∑
l=0
(
m
l
)(
n
l
)
(−µ)l (z cos θ)n−l , (16)
thus the PND is given by
pn =
∣∣N¯m∣∣2
n!
e−|z|
2 cos2 θ
×
∣∣∣∣∣
m∑
l=0
(
m
l
)(
n
l
)
(−µ)l (z cos θ)n−l
∣∣∣∣∣
2
. (17)
It is easy to see that Eq.(17) just reduces to the PND
of the coherent state |z cos θ〉 when m = 0, i.e., pn =
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FIG. 4: (Color online) The photon-number distribution of the
LPECSs as a function of n for several different parameters θ, m
and z. (a) θ = pi/6, z = 1; (b) θ = pi/4, z = 1; (c) θ = pi/3, z =
1; (d) θ = pi/3, z = 0.5.
1
n!e
−|z|2 cos2 θ |z cos θ|2n, as expected.
In Fig. 4, the PND is plotted for several different pa-
rameters θ, m and z, from which we can see that (i) the
peak of PND is mainly located at n = 0 for the case of
m = 0 and different values of θ and z (see Figs. 4.(a)-
(d)); (ii) by modulating the orderm of Laguerre polyno-
mials, we may change the position and value of the peak.
For example, the maximum values of peaks at n = 0 in-
crease as m increase (see Fig. 4(a)); (iii) for m = 1, 2, 3,
the PND is mainly distributed at n = 1 and the max-
imum values of peaks modulated by beam splitter (θ),
which implies that we can prepare single photon Fock
state by this conditional measurement for a given ampli-
tude of input coherent state; for instance, when θ = pi/4
andm = 3, we can get a single-photon in a success prob-
ability of 0.57 (see Fig. 4(b)), while for θ = pi/3 the
probabilities are 0.80 and 0.72 for m = 2, 3 (see Fig.
4(c)), respectively. This is to say, we can achieve the
single-photon at a smaller measured m when increasing
the value of θ for a given z; (iv) for a small amplitude
value of z (see Fig. 4(d)), we can increase the mea-
sured m to obtain the single-photon in a higher proba-
bility (say when m = 2, 3, probability=0.61 and 0.77).
Thus we can not only modify the PND but also achieve
single-photon Fock state by the quantum catalysis rather
than photon-subtraction (photon-loss).
D. Squeezing properties
Now, we investigate the squeezing properties of the
LPECSs via the quadrature variance (△Q)2 < 1 or
(△P )2 < 1 which indicates the squeezing or sub-
Poissonian statistics. The quadrature components of the
optical field is given by Q = (b + b†)/
√
2 and P =
(b − b†)/(i√2). Thus the quadrature variances can be
expressed as the following anti-normally ordering forms
(△Q)2 = 〈Q2〉− 〈Q〉2
=
1
2
{〈
b2
〉− 〈b〉2 + 〈b†2〉− 〈b†〉2
+2
〈
bb†
〉− 2 〈b〉 〈b†〉− 1} , (18)
and
(△P )2 = 〈P 2〉− 〈P 〉2
=
1
2
{
− 〈b2〉+ 〈b〉2 − 〈b†2〉+ 〈b†〉2
+2
〈
bb†
〉− 2 〈b〉 〈b†〉− 1} . (19)
Using Eq.(12) we can get the analytical expressions for
the variance of the quadratures, but are not given here.
Next, we shall discuss the squeezing properties by nu-
merical calculation.
In Fig. 5, we plot these optimal quadrature vari-
ances as a function of the input amplitudes for several
different values of m by minimizing variances (△Q)2
over θ from 0 to pi/2. Here, we take a logarith-
mic scale, i.e. units of dB whose definition is given
by dB[Q] = 10 log10[(△Q)2 / (△Q)2vac] and dB[P ] =
10 log10[(△P )2 / (△P )2vac], where (△Q)2vac and (△P )2vac
corresponding to the vacuum variances of 1/2 for our
definition of quadrature components. In Fig. 5(a), it is
clearly seen that (i) when m = 1, the optimal squeezing
is 1.249 dB below the shot-noise limit and it is indepen-
dent of the input amplitude z; (ii) the optimal values of
squeezing or the minimum variances monotonously in-
crease as m for a given amplitude z, and decrease as z
for m = 2, 3, 4. These results indicate that the squeezing
can be enhanced by increasing measured m photons or
reducing the amplitude z. Fig. 5(b) shows the θ values
corresponding to the largest squeezing effect as a func-
tion of z, from which we can see that the θ value de-
creases as m for a given z and monotonously decreases
as z for a given m.
Next, we further consider the squeezing properties of
the LPECSs by introducing another quadrature operator
Qϕ = ae
−iϕ + a†eiϕ. Thus the squeezing can be charac-
terized by the minimum value
〈△2Qϕ〉 < 1 with respect
to ϕ, or by the normal ordering form
〈
: △2Qϕ :
〉
< 0.
Upon expanding the terms of
〈
: △2Qϕ :
〉
, one can min-
imize its value over the whole angle ϕ. The optimized
nonclassical depth over the phases is found to be [45]
Sopt = −2
∣∣∣〈a†2〉− 〈a†〉2∣∣∣+2 〈aa†〉−2 ∣∣〈a†〉∣∣2−2. (20)
The negative value of Sopt in the range [−1, 0) implies
squeezing (or nonclassical). Using Eq.(12) we can get
the expression of Sopt. In particular, when m = 0 (the
case of coherent output), Sopt = 0, as expected. In Fig.
6 we plot the Sopt as a function of θ for some different
values of m and z, from which we can see that there is
a region of θ for representing the negative value of Sopt,
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FIG. 5: (Color online) (a) The optimal squeezing effect as a
function of the input amplitude z by minimizing the variances
of quadrature component Qover θ; (b) the θvalues correspond-
ing to the optimal squeezing effect as a function of z.
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FIG. 6: (Color online) The degree of squeezing Sopt of the
LPECSs as the function of θ for different values of mand z.
and the region becomes smaller with the increasing m
and z. For a given m or z, the region becomes narrower
for a bigger z or m. For more discussions about higher-
order nonclassical effects of quantum state, we refer to
Refs.[46–49].
V. WIGNER DISTRIBUTION OF THE LPECSS
In this section, we shall discuss the quasi-probability
distribution, Wigner function, whose negativity may be
considered as a good indicator of the nonclassicality. For
the single-mode case, the Wigner function can be calcu-
lated as
W (γ) = tr(ρ∆(γ)), (21)
where∆(γ) is the single-mode Wigner operator [50], de-
fined by
∆(γ) = e2|γ|
2
∫
d2α
pi2
|α〉 〈−α| e−2(αγ∗−γα∗), (22)
and |z〉 = exp (zb† − z∗b) |0〉 is Glauber coherent state.
Substituting Eqs.(5) and (22) into Eq.(21) and using
Eq.(7), the Wigner function of can be derived as
Wm (γ) =
∣∣N¯m∣∣2 e2|γ|2−|z|2 cos2 θΘ(µ, µ∗) , (23)
where
Θ(µ, µ∗) =
∫
d2α
pi2
Lm (−µα∗)Lm (µ∗α)
× e−|α|2+α(z∗ cos θ−2γ∗)−α∗(z cos θ−2γ). (24)
It is easy to see that the Wigner function W (γ) is a real
number in phase space, since Θ∗ (µ, µ∗) = Θ (µ, µ∗).
Furthermore, using Eqs.(9) and (11) we can finally ob-
tain the Wigner function
Wm (γ) = W0 (γ)Fm (γ) , (25)
where W0 (γ) = 1/pi exp{−2 |γ − z cos θ|2} is just the
Wigner function of coherent state |z cos θ〉, and the non-
Gaussian item Fm (γ) is defined by
Fm (γ) =
∣∣N¯m∣∣2 m∑
j,l=0
µlµ∗j
l!j!
(
m
j
)(
m
l
)
×Hl,j (z∗ cos θ − 2γ∗, z cos θ − 2γ) , (26)
which is from the presence of conditionally measured m
photons. In particular, when m = 1, then we have
F1 (γ) =
∣∣N¯1∣∣2 {1 + |µ|2 (1− |z cos θ − 2γ|2)
+ [µ (z∗ cos θ − 2γ∗) + c.c]}. (27)
The negative region of Wigner function will be decided
by F1 (γ) < 0.
In Fig. 7, we plot the Wigner distributions in phase
space for several different parameter values of m and θ
with z = 1, from which it is clearly seen that there are
some obvious negative regions of the Wigner function in
the phase space which is an indicator of the nonclassi-
cality of the state. Furthermore, these negative areas are
modulated not only bym, but also by θ. For example, for
a given θ = pi/5 (see Figs. 7 (a) and (d)), there is a big-
ger negative volume of the Wigner function for the case
of m = 2 than that for m = 1; and for a given m = 1,
the negative volume of the Wigner function becomes big-
ger as θ increases (see Fig.7 (a)-(c)). Actually, the struc-
ture of the Wigner function will be affected by the input
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FIG. 7: (Color online) The Wigner function distribution in
phase space with z=1 for some different values of m and θ.
The first and second rows correspond to m=1,2, respectively.
And θ are equal to pi/5, pi/4, pi/3from left to right for each col-
umn.
amplitude z. In order to clearly see these above points,
we further quantify the negative volume of the Wigner
function, defined by δ = 12 [
∫∞
−∞
dqdp |W (q, p)| − 1] with
γ = (q + ip)/
√
2. In table I, we present some values of
negative volume of the Wigner function for different m,
θ, and z. It is clearly seen that the effects on the nonclas-
sicality are different due to the changing of parameters
m, θ, and z.
TABLE I: Negative volume δ of the WF
case z=1 z=2
case θ=pi5 θ=
pi
4 θ=
pi
3 θ=
pi
5 θ=
pi
4 θ=
pi
3
m=1 0.023 0.115 0.205 0.163 0.115 0.122
m=2 0.116 0.180 0.207 0.149 0.271 0.297
m=3 0.164 0.188 0.212 0.242 0.307 0.412
VI. DECOHERENCE IN THERMAL ENVIRONMENT
In this section, we consider the decoherence of the
LPECSs by analytically deriving the Wigner function
in thermal environment. When the quantum state
evolves in a thermal environment associated with Born-
Markivian approximation, the evolution of density oper-
ator can be described by the following master equation
[51]
dρ
dt
= κ(n˜+ 1)(2aρa† − a†aρ− ρa†a) (28)
+ κn˜
(
2a†ρa− aa†ρ− ρaa†) ,
where κ denotes the dissipative coefficient and n˜ repre-
sents the average thermal photon number of the lossy
channel. Using the entangled state representation, we
have derived the sum representation of Klaus operator
and the evolution of the Wigner function governed by
Eq.(28) [52, 53]. The latter is given by
W (β, β∗, t) =
2
(2n˜+ 1)T
∫
d2γ
pi
W (γ, γ∗) e−2
|β−γe−κt|2
(2n˜+1)T ,
(29)
where W (γ, γ∗) is the initial Wigner function and T =
1 − e−2κt. Then substituting Eq.(23) into Eq.(29) and
using the following integration formula∫
d2z
pi
e−ζ|z|
2+ξz+ηz∗ =
1
ζ
e
ξη
ζ ,Re (ζ) > 0, (30)
we finally obtain
W (β, β∗, t) = W0 (β, t)Fm (β, t) , (31)
where W0 (β, t) =
1
piA
exp{−2 |β − z¯e−κt|2 /A} with A =
2n˜T + 1 and z¯ = z cos θ is the evolution of Wigner func-
tion of coherent state |z cos θ〉 in thermal channel, and
Fm (β, t) =
∣∣N¯m∣∣2 m∑
j,l=0
µlµ∗j
l!j!
(
m
j
)(
m
l
)(√
B
A
)l+j
×Hl,j
(
z¯∗B − 2β∗e−κt√
AB
,
z¯B − 2βe−κt√
AB
)
(
B = e−2κt − (2n˜+ 1)T ) . (32)
In particular, when t = 0 Eqs.(31) and (32) just reduce
to Eqs.(25) and (26), respectively.
In Fig. 8, we take the case with m = 1 and z = 1
as well as θ = pi/3 as an example for the evolution of
Wigner function. From Fig. 8, due to the presence of de-
coherence, the negative region of Wigner function grad-
ually disappears with the incasement of κt. In addition,
the characteristic time κtc, which means that there is al-
ways negative region for Wigner function in phase space
when the decay time is less than κtc, is dependent not
only on the catalytic photon number m, but also on the
reflectivity of unbalanced BS. In order to see clearly this
point, we plot the minimum negative values of Wigner
function as a function of decay time κt in Fig. 9, from
which it is clear that the minimum negative decreases
monotonously as κt; in addition, for instance, the char-
acteristics times for m = 1 are about 0.20, 0.27 and 0.30
corresponding to θ = pi/5, pi/4, pi/3, respectively. There
is a longer characteristic time for θ = pi/3 than that for
θ = pi/5, pi/4. This point can be understood like that: be-
cause the case of θ = pi/3 has a higher reflectivity than
that of θ = pi/5, pi/4, thus the output state presents more
properties of number state. Actually, the output state can
be considered as the superposition of coherent state and
number state in a certain form.
VII. CONCLUSION
In this paper, we proposed a new kind of non-Gaussian
state—-Laguerre polynomial excited coherent state by
using multiphoton catalysis which is proposed firstly by
Lvovsky and Mlynek. It is shown that the multiphoton
catalysis can actually be seen as a block comprising pho-
ton number operator. We then considered the nonclassi-
cal properties of the LPECs when considering the coher-
ent state as inputs. It is found that the state can present
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FIG. 8: (Color online) The evolution of Wigner function dis-
tribution in phase space with m = 1, n˜ = 0. (a)-(d) κt =
0, 0.05, 0.1, 0.2.
0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.0
0.1
0.2
0.3
 
 
M
in
im
um
[W
]
t
 m=1,
 m=1,
 m=1,
 m=2,
 m=2,
 m=2,
z=1
FIG. 9: (Color online) The minimum value of negative Wigner
function distribution in phase space as the function of the decay
time κt for m = 1, 2, n˜ = 0 and z = 1, θ = pi/5, pi/4, pi/3.
sub-Possion statistics, antibunching effect and squeezing
behavior. All these properties can be modulated by the
amplitude of coherent state, catalysis number and unbal-
anced BS. In particular, the maximum squeezing for the
case of m = 1 is kept to be constant (∼1.249dB) by op-
timizing over unbalanced BS. The maximum squeezing
can be improved by increasing m and reducing the am-
plitude of coherent state. In addition, we also examined
the decoherence behavior of the LPECs according to the
negativity of Wigner function. It is found that the nega-
tive region, characteristic time of decoherence and struc-
ture of Wigner function are affected by catalysis number
and unbalanced BS.
Here the generation of Laguerre polynomials excited
state is just an example for opening the way approaching
a series of non-Gaussian quantum state. Actually, by dif-
ferent herald inputs and different measurements, we can
achieve some other non-Gaussian states such as Hermite
polynomials excited squeezed states, etc. Our current
work provides a general analysis about how to prepare
theoretically such polynomials quantum states.
It would be interesting to extend this work to multi-
mode case including how to realize the entanglement
distillation and improve the fidelity of teleportation.
On the other hand, non-Gaussian quantum states have
a wide application in quantum information and quan-
tum computation [54]. For example, by using photon-
subtraction operator, a scheme is proposed to improve
the performance of entanglement-based continuous-
variable quantum-key-distribution protocol [16]. It
is found that the subtraction operation can increase
the secure distance and tolerable excess noise of the
entanglement-based scheme, as well as the correspond-
ing prepare-and-measure scheme. Recently, for an-
other example, the single-photon-added coherent state
has been used in quantum key distribution [17]. It is
shown that the single-photon-added coherent source can
greatly exceed all other existing sources in both BB84
protocol and the recently proposed measurement-device-
independent quantum key distribution. These investiga-
tions are good examples for showing that it is possible to
enhance the performance in the field of quantum infor-
mation by preparing various non-Gaussian states. Thus,
the applications of such non-Gaussian states including
the LPECSs with continuous-variable in quantum infor-
mation could be paid attention in the future.
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